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We prove that if G is a compact Lie group, with irreducible unitary represen- 
tations D, of degree d, , 
s 
G I TO&W dx + ~0, as d,+c0. 
This result implies that if E is a set of inequivalent irreducible unitary represen- 
tations of G which is a A(4) set, or even a central A(4) set, the degrees of the 
representations of E must be bounded. In particular, if G is semisimple E 
must be finite. 
1. INTRODUCTION AND PRELIMINARIES 
Let G be a compact group. We denote by r the set of equivalence 
classes of unitary irreducible representations of G. For y E r we let D,, 
be a representative of the class y and d, the dimension of the Hilbert 
space on which D,,(x) acts for x E G. We consider the Lebesgue space 
D(G), 1 < p < co, with respect to the normalized Haar measure on 
G (denoted by dx). If CELL, then f is uniquely represented by 
a Fourier series, 
where A, =3(y) = lcf(x) Dy(rl) dx. If E _C T and 1 \< p < CO, 
we defme 
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DEFINITION 1. Let p > 1; a set E C I’ is called a A(p) set if 
L,l C Leo [3; 5, 37.61. In this paper we prove that if G is a compact 
Lie group, 
s 
j Tr D,(x)14 dx + 00 as d,, -+ co. 
G 
This result implies that if G is a compact Lie group and E C r is a fl(4) 
set, then the degrees of the representations of E must be bounded. This last 
fact was already known in the case G = SU (2) [5, 37.21. 
Some extensions to the case in which G is not a Lie group are also 
considered. We introduce now some notation which will be used in 
the sequel. If D is a finite dimensional unitary representation of G, 
acting on the Hilbert space H, we define the conjugate representation 
D to be the representation D = JD J acting on H, where J is a 
conjugation on H [5, pp. 15-161. If D’, D” and D”’ are finite dimen- 
sional unitary representations of G acting, respectively, on the Hilbert 
spaces H’, H” and l?‘, we say that LY’ C D’ @ D” if the restriction 
of D’ @ D” to an invariant subspace of H’ @ H” is unitarily equivalent 
to D”. 
2. THE CASE OF A SIMPLY CONNECTED SIMPLE LIE GROUP 
We shall state first of all some results from the theory of Lie groups 
and Lie algebras which will be needed in the sequel. Convenient 
references are [I and 21. Many concepts and results given below are 
valid for more general groups (e.g., semisimple groups). For simplicity, 
however, we will assume throughout this section that G is a simply 
connected simple compact Lie group. We will denote by L(G) the Lie 
algebra of G. 
The exponential map: 
exp: L(G) ---f G 
defines a one-to-one correspondence of L(G) onto G. If T is a maximal 
torus of G (that is, a maximal Abelian connected subgroup), then 
L(T) is a commutative subalgebra of L(G) and its dimension r is 
called the rank of G. The finite dimensional complex representations 
of G are also in a one-to-one correspondence with those of L(G); the 
correspondence is given by the following formula, valid for X E L(G): 
exp(P(X)) = D(exp X). (1) 
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Since every finite dimensional representation of G is equivalent to a 
unitary representation, and any two unitary equivalent representations 
are unitarily equivalent, we shall assume henceforth that the finite 
dimensional representations of G considered here are unitary. This 
implies on the basis of (1) that the operators D”(X) are skew hermitian 
(i.e., A* + A = 0). 
If D, and D, are finite dimensional representations of G acting on 
the spaces H1 and H, , if D, @ D, is their tensor product acting on 
H1 @ H2 , it follows from (1) that 
(01 0 D2)L(x) = Q”(X) 0 43 + 4 0 QJL(X), 
where I1 and I, are the identity operators on the spaces H1 and H, . 
Let X, , X2 ,..., X be a basis of L(T) and X, ,..., X , X,.,, ,..., X
be a basis of L(G). If D is a finite dimensional unitary representation 
of G acting on the space H, and DL the corresponding representation 
of L(G), we associate to D a set of weights w1 ,..., wd, where 
d = dim(H), in the following fashion. The set D”(X,), 1 < i < r, 
is a commuting set of operators, therefore there exists a basis u1 ,..., ud
of H consisting of common eigenvectors of the operators DL(Xi) 
(1 < i < r). A weight of D is an r-dimensional vector w = [Xi ,..., &.I, 
where the h, are defined by 
DL(X,)u = Aiu, i = I,..., r
where u E {ur ,..., ud}. It is clear from this definition and from the 
fact that (BL)(X) = -D”(X), that the weights of D are the opposites 
of the weights of D. The weights of a representation can be ordered 
lexicographically and we shall denote the highest weight by w0 . 
We will make use of the following results from the theory of Lie 
groups: 
(I) Let w, = [A, ,..., hk] be the highest weight of an irreducible 
representation of G. Then the subspace of H consisting of the vectors 
satisfying 
DL(X& = &u, i = l,..., r
is one dimensional [l, 6.341. 
(II) Let D, and D, be two irreducible r presentations of G acting 
on the space H1 and H, respectively. Let wO1 = [A, ,.,., A .] and 
WO 
2- 
- [jll ,**-, p,.] be their highest weights. Let u E H1 and v E H, be 
such that, for i = l,..., t
D,L(X,)u = hiu; D&X& = /+v, 
580/r 1/z-5 
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then there exists a unique (up to unitary equivalence) irreducible 
representation D C D, @ D, whose highest weight is w,,l + wo2. It 
follows that D acts on the D, @ D, irreducible subspace of HI @ H, , 
generated by D,(x)u @ D,(x)v, x E G, and, for i = l,..., r
D”(Xi)U @ v = (Xi + /Li)U @ v 
[l, 5.62, 6.331. 
(III) There exist r irreducible representations D1*,..., Or*, called 
fundamental representations, of highest weights w,,l,..., war, such that 
sf D is any irreducible representation of highest weight w,, , then 
w. = nlwO1 + *-a + n,w,“. 
Moreover ;f nlwO1 + *-* + n,wgr = 0, for some nonnegative integers 
n1 ,..., n, then ni = 0, i = 1 ,..., r [l, 5.621. 
(IV) z. two irreducible r presentations have the same highest weight, 
they are equivalent [l, 6.33, 6.391. 
It follows from (II)- that every vector of the form 
TzlWOl + ..* + nrwor 
is the highest weight of a unique irreducible unitary representation. 
That is, the set of irreducible unitary representations is in one-to-one 
correspondence with the free Abelian semigroup generated by the 
vectors wO1,..., wOr. We are now in the position to prove the following 
lemma. 
LEMMA 1. Let G be a compact simple, simply connected Lie group. 
Let D, and D, be two irreducible unitary representations of G, acting 
on the spaces HI and H, . Let wol and wo2 be the highest weights of D, 
and D, . Let D, C D, @ D, be the irreducible representation of G, 
with highest weight w, = wol + wo2. Then 
and 
Proof. Since the role of D, and D, can be interchanged, it suffices 
to prove that D, Q i& C D, @ D3. We let H3 be the D, @D, 
invariant subspace of HI Q H, on which we can assume that D, acts. 
Let H= HI@HI@H,@H, and let D = D,Q&@D,QD, 
LACUNARY SERIES ON LIE GROUPS 195 
act on H in the canonical fashion. Let {ur ,..., Q } and {nr ,..., zld,} be 
orthonormal basis in Hr and 23,) respectively. Define a projection 
P of H into itself, by letting 
We denote by HI @ HI @C the range of P, which is isometric in 
an obvious fashion to HI Q HI . We notice that P commutes with 
the operators D(X), x E G. Indeed let x E G and D,(x) = (a,,) with 
respect to the basis {vi}; then iT,(x) = (z,,) and therefore 
the last equality holds because D,(x) is unitary. On the other hand, 
using again the fact that D,(x) is unitary, one shows that the last 
expression equals 
Since H3 is a D, Q D, invariant subspace of HI @ H, , the space 
H3 Q H3 is a D-invariant subspace of H. 
We shall prove now that 
We can assume that u1 and ZJ~, respectively, are the vectors of HI 
and H,, corresponding to the highest weights wol and wo2, that is, 
for i = l,..., r
The element z+ @I v1 = zi belongs then to H3, by virtue of the 
hypothesis and of statement (II) above. Therefore P(H, @ HJ 
contains the element 
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We will show now that it contains all the elements which can be 
written as 
d @ un @ c v, @ vu, ) (4 
with 1 < i1 e.9 il, < 1z, 1 < j, ,..., j < n. (Recall that X1 ,..., X is 
a basis for L(G), and that X1 ,..., X commute). Since the elements of 
the form U’ (or u”) generate a I&L-invariant subspace of H’, and DIL 
is irreducible, the elements u’ @ U” generate Hi @ Hi . It follows 
that the elements of the form (2) generate Hi @ Hr x C. Therefore, 
in order to show that P(H, @ HJ = H1 @ H1 @ C, we only need 
to show that the elements (2) belong to P(H, @ Ha). Since we already 
know that 
we will prove the above statement by induction on t = h + K. 
Suppose that the vectors 
4”(Xi,) ~l”C&&,> . . ’ Q”(Xi,) Ul 
0 a"(xj,> 4L(&&,) ... %"(X,,) Ul 0 c as 0 03 
.3 
belong to P(H, @ Ha) for every 
1 < i, ,..., i < n and 1 6 j, ,...,jl d 72 
such that 0 < k + h < t. We want to prove that the vectors 
kfl h+l 
n %"(Xi,) f-h 0 n W(&,) fdFi?I~ vs 0 vs 
L=l rn=l s 
belong to P(H, @ Ha) for every 1 < ik+i < n and every 1 <j,,, < n. 
It suffices to prove this for the first vector, since the proof for the 
second can be carried out in the same fashion. 
Let zi = u1 @ q E Ha , and consider the vector 
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This vector belongs to Ha @ Ha , since H3 is (Di @ QL-invariant. 
We recall that for X EL(G), 
(ho W(X) = &“(X) 63 12 + 4 0 W(X). 
We can write therefore: 
It follows that & can be written as 
k+l 
51 = n WX,,) %f+ + Cl-I WX,) % 0 I-I D,qx,)v,, 
I=1 
where for each product appearing in the second term, the indices 01 
and fl assume not more than k values chosen in the set (i1 ,..., i&). 
Arsimilar argument can be carried out for l2 which can be written as 
where 7 and 6 assume not more than h - 1 values chosen in the set 
{jl ,..., j ). Therefore P(<, @ &-J can be expressed as 
where F and F’ are subsets of (il ,..., ikfl} and {ji ,..., j }, respectively, 
with card F < k, and cF,F’ are numerical constants. By induction 
hypothesis, since card(F u F’) < h + k = t, the second term of (3) 
belongs to P(H, @ H3). Since P(<, @ <,) E P(H, @ H3), it follows 
that 
which is what we wanted to prove. 
We have seen therefore that the projection P maps H3 @ H, onto 
H,@H,@C.Ifwelet 
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N is a closed subspace of H, @ H3 which is invariant under D (because 
P commutes with D). Let Nl be the subspace of H3 @ H, which is 
orthogonal to H, @ H3 . Nl is also D-invariant and P maps it 
isomorphically onto HI @ HI @ C. The restriction of D to H3 @ H3 
is equivalent to D, @ a3 , while the restriction of D to HI @ HI @ C 
is equivalent to D, @ Di (acting on HI 0 HI). It follows that P 
establishes an equivalence and therefore a unitary equivalence 
between the restriction of D, @ Ds to Nl and D1 @ D1 acting on 
HI 0 HI- This implies that D, @ Dr C D, @ D3 and concludes 
the proof of the lemma. According to (III) and (IV), the set I’ of 
irreducible representations of a simply connected simple compact 
Lie group G can be put in a one-to-one correspondence with the free 
Abelian semigroup Z(yr*,..., y?*) generated by the r fundamental 
representations (yr*,. . , yr*). 
This correspondence induces an operation in I’, corresponding 
to the addition in Z(yr*,..., yr*). We shall indicate this operation 
with (rl , y2) - y1 x y2 . Lemma 1 proves that if y = yi x y2 , then 
D, @ D, 1 DY1 @ Dy, and D, @ 0, I DYz @ &, . 
LEMMA 2. Let G be a simply connected simple compact Lie group. 
Let yl*,..., y7* be the fundamental representations of G and let 
k=sup{d,,:i=l*.*r}. If YET and d,>kn, then D,,@D,, 
decomposeseinto at least n + 1 irreducible representations. 
Proof. Since r is generated (with respect to the operation x 
defined above) by yr*,..., yr*, there exists a finite sequence of 
representations {yr ,. ., yS} such that (i) yi E {yi*,..., yr*}; (ii) yS = y; 
(iii) yj = yi-l X yt , with 1 < ii < r. Let 
We assert hat A contains at least n elements. 
Indeed A 1 (j : dY, # dYj-,> and by Lemma 1, d,,-, < d,,, , while 
dl <k and d,. < kd,,,-l. 
Therefore it d, = dY, > k”, the set (j : d,,-l <-d,.J has at least n
elements. By Lemma 1 and because (iii) D,,-l @ DYjwl C D,, @ D,, . 
Let Ni be the number of irreducible components in the decomposition 
of D, 0 &, , counted with their multiplicities. 
We have that N,-r < Nj, but, since A has at least n elements, 
N,-i < Nj at least n times. This means that N, > n + 1 and the 
lemma is proved. 
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COROLLARY 1. IfG is a simply connected simple compact Lie group, 
and (Ye*,..., y *> are its fundamental representations, then 
s I TrP&N4 dx 3log k-te- log d,, G 
where k = maxigiGr dYi* . 
Proof. We notice that 1 Tr(D,(x))/4 = 1 Tr(D, @ D,,(x))/~. Therefore 
JG I Tr(D,(x))14 dx = m12 + . ..+m.,whereD,O~,=m,D,l+...+D,ll 
is the decomposition of D,, @ D, into irreducible components [5,27.3 11. 
Therefore if IV, is the number of irreducible components of D,, @ DY , 
counted with their multiplicities, the first member of (4) is greater 
than N, . We proved in Lemma 2 that if d,, > k” then N,, > n + 1. 
Therefore, N 3 (l/log k) log d, and the Corollary follows. 
THEOREM 1. If G is a simply connected simple compact Lie group, 
then P does not contain in$nite A (4) sets. 
Proof. Let E be a A (4) set. If y E E and xY(x) = Tr(D,,(x)), then 
x,, eLE2(G). Therefore if E is a A (4) set there exists B > 0 such that 
1, I xv I4 dx d B 1, I xv I2 dx. (5) 
The second number of (5) equals B, because 11 x II2 = 1, and the first 
member tends to infinity as d, tends to infinity by Lemma 2. Since 
there is only a finite number of elements of .F whose degree is less than 
a given number, the inequality (5) cannot hold for infinitely many y. 
3. THE CASE OF A COMPACT LIE GROUP 
To deal with the case of a compact Lie group we shall use 
the following well known structure theorem [7, Theorem 871. 
THEOREM 2. Let G be a compact connected Lie group. Then there 
exists a group 
G* = Ho X fi Hi 5 
i=l 
where HO is a f&site dimensional torus and Hi are compact simply 
connected simple Lie groups; and there exists a finite normal subgroup 
N C G*, such that 
G = G*IN. 
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We will also use the fact that if G is a compact group and 
G = H x K, where H and K are compact subgroups, then every 
irreducible representation of G can be written as the tensor product 
of irreducible representations of H and K, respectively, [l, 3.651. 
LEMMA 3. Let G be a compact Lie gvozcp. Then 
s 
/ Tr(B,(x))j4 kc+ co as d,,+ co. 
G 
Proof. Assume first hat G is connected. Let G = G*/N be as in 
Theorem 2. If D is an irreducible representation of G, then the 
formula D*(xN) = D(X) d e fi nes an irreducible representation of G*, 
of the same degree. 
Moreover, 
1, I Tr D(x)14 dx = 1,. 1 Tr D*(xN)j4 d&V) 
by [5.28, 541. 
It suffices therefore to prove the lemma for the group 
G* = H,, x fi Hi , 
i=l 
where H,, is a torus and Hi are simple, simply connected compact 
Lie groups. Therefore, 
where D,, = DvO @ Dyl Q *-- @ D,l and D,, is an irreducible 
representation of Hi. The degree of D, can be written as 
4 = 4, a-- d,,, and by Corollary 1, (5) is greater or equal to 
(l/log 4 .a- log k,) log d1 -.. log dt , 
where R, is the maximum degree of the fundamental representations 
of Hi . It follows that (5) tends to infinity as d,, -+ 00. 
If G is not connected, let G, be the connected component of the 
identity. Since G is a Lie group, G/G, is finite. 
Let D be a representation of G and D# the representation of GO 
defined by 
P(x) = D(x), 
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when x E Go. It will suffice to show that the number of irreducible 
representations of G,, into which D# reduces is bounded independently 
of D. In fact, if this is true, to each sequence D, of representations 
of G, such that lim,,, d,, = co, there corresponds a sequence D,O 
of representations of Go such that 
and 
lim dim D,,O = co, 
Y-a 
In this case we have 
but 
1, I T~(W4)l* dx = m j, I Tr(4%))14 dx 
and so 
3m s I WQ”W14 dx c, 
F-2 II Tr(4(4)l14 = a. 
Let us show then that D# decomposes into a bounded number of 
irreducible representations. Let d be the dimension of D, let 
G = xlGo v xzGo u -.- u xkGo 
with zi the identity in G. 
Let 6Z be the m-dimensional algebra generated by the matrices 
D+(X), with x E Go. Since D is irreducible under G, the algebra b 
generated by {Djb91zEG is d2-dimensional. On the other hand, if 
D(q) a** D(xm) is a basis for a, then 
DC4 W4, 1=1 ,..,, k j = l,..., m 
is a basis for 93. It follows that 
d2 = km or m = G/k. 
Since K is a constant, it follows that if lim,,, d,, = co, then also 
limrdco m, = co. 
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THEOREM 3. Let G be a compact Lie group and E C r a A (4) set; 
then supYEE d,, < 00. 
Proof. We use Lemma 3, and argue as in the proof of Theorem 1. 
4. CONCLUDING REMARKS 
We notice first of all that the last theorem holds for a more general 
class of groups. That is 
THEOREM 4. Let G = IIG, with Gi C U(d), where U(d) is the 
group of unitary matrices for some fixed positive integer d and the Gi 
are connected groups. If E G r is a A (4) set then SUP,,,~ d, < 00. 
The proof can be obtained by noticing that U(d) contains only 
a finite number of nonisomorphic simple connected Lie groups; 
therefore for each Gi the norm in L4 of the characters tends to infinity 
with the degree of the representation, uniformly on i. It follows that 
the norm in L4 of a character of G, tends to infinity with the degree 
of the representation. 
Parker [6] has defined a subset E < r to be a central A(p) set if 
every central function f E LE1 also belongs to L,p. Since characters 
are central, the proof of our theorem applies also to the case of 
central II (4) sets. We recall now the following definition [3; 5, 37.11. 
DEFINITION. A subset E C r is a Sidon set if C d, Tr(I A, I), 
whenever CrsE d, Tr(&D,(x)) is the Fourier series of a continuous 
function. It is known that every Sidon set is a fl( p) set for every 
p -C co [3; 5, 37.101; therefore the conclusion of our theorem holds if E 
is assumed to be a Sidon set. No conclusion, however, we can draw if 
we assume that E is a central Sidon set (see [S, p, 4481 for definition), 
since central Sidon sets might not be (1 (4) sets [6]. Results similar 
to ours, concerning central Sidon sets have been proved by Ragozin 
t91* 
We notice further that Lemma 3 implies that Helgason’s lacunarity 
condition [4, Definition 4.11 cannot be satisfied, for a Lie group, 
by a set E C I’, for which supVEE id,,) = 00. 
Our methods do not give any information for fl( p) sets when p < 4. 
It is possible that our theorem remains true when 4 is replaced by any 
number greater than one. A result in this direction has been obtained 
by J. F. Price: If G = SU(2), there are no infinite Zacunary sets of 
type A( p) when p > 1 [S]. 
LACUNARY SERIES ON LIE GROUPS 203 
ACKOWLEDGMENT 
The problem treated here was suggested by A. Fig&Talamanca, to whom we are 
grateful for guidance in the preparation of this paper. We are also grateful to 
D. Rider who discovered an error in a previous version of this paper. 
REFERENCES 
1. J. F. ADAMS, “Lectures on Lie Groups,” Benjamin, New York, 1969. 
2. C. CHEVALLEY, “Theory of Lie Groups; I,” Princeton University Press, Princeton, 
NJ, 1946. 
3. A. FIG&TALAMANCA AND D. RIDER, A theorem of Littlewood and lacunary series 
for compact groups, Pacific J. Math. 16 (1966), 505-514. 
4. S. HELGASON, Lacunary Fourier series on non commutative groups, Proc. Amer. 
Math. Sot. 9 (1958), 782-790. 
5. E. HEWITT AND K. A. Ross, “Abstract Harmonic Analysis,” Vol. II, Springer 
Verlag, New York, 1970. 
6. W. A. PARKER, Central Sidon and central /I(p) sets, doctoral dissertation, University 
of Oregon, Eugene, OR, 1970. 
7. L. S. PONTRYAGIN, “Topological Groups,” Princeton University Press, Princeton, 
NJ, 1939. 
8. J. F. PRICE, Non ci sono insiemi infiniti di tipo d(p) per SU(2), Boll. Un. Mat. 
Itd., to appear. 
9. D. L. RAGOZIN, Central measures on compact simple Lie groups, 1. Functional 
Andysis, to appear. 
